We report a possible dipole anisotropy on acceleration scale g † with 147 rotationally supported galaxies in local Universe. It is found that a monopole and dipole correction for the radial acceleration relation can better describe the SPARC data set. The monopole term is negligible but the dipole magnitude is significant. It is also found that the dipole correction is mostly induced by the anisotropy on the acceleration scale. The magnitude ofĝ † -dipole reaches up to 0.25 ± 0.04, and its direction is aligned to (l, b) = (171.30 • ±7.18 • , −15.41 • ±4.87 • ), which is very close to the maximum anisotropy direction from the hemisphere comparison method. Furthermore, robust check shows that the dipole anisotropy couldn't be reproduced by isotropic mock data set. However, it is still premature to claim that the Universe is anisotropic due to the small data samples and uncertainty in the current observations.
INTRODUCTION
One of the foundations of the standard cosmological paradigm (ΛCDM) is the so-called cosmological principle, which states that the Universe is homogeneous and isotropic on large scales [1] . This principle is in accordance with most cosmological observations, especially with the approximate isotropy of the cosmic microwave background (CMB) radiation from Wilkinson Microwave Anisotropy Probe (WMAP) [2, 3] and Planck satellites [4, 5] . However, there still exists some cosmological observations that challenge the cosmological principle.
These include the large-scale alignments of quasar polarization vectors [6] , the unexpected large-scale bulk flow [7, 8] , the spatial variation of the fine structure constant [9, 10] , and the dipole of supernova distance modulus [11] [12] [13] [14] . All of these facts hint that the Universe may be anisotropic to some extent.
In galactic scale, the mass discrepancy problem [15, 16] has been found for many years.
The observed gravitational potential cannot be explained by the luminous matter (stellar and gas). Hence it seems that there needs a significant amount of non-luminous matter, i.e. the dark matter in galaxy system. But up to now, no direct evidence of the existence of dark matter has been found [17, 18] . A successful alternative to the dark matter hypothesis is the modified Newtonian dynamics (MOND) [19] , which attributes the mass discrepancies in galactic systems to a departure from the standard dynamics at low accelerations.
In principle, the MOND theory assumes a universal constant acceleration scale for all galaxies [19] [20] [21] . But in practice, the acceleration scale is considered as a free parameter to fit the galaxy rotation curve, and different galaxies may have different acceleration scales [22] [23] [24] . Milgrom [25] also suggested that the acceleration scale may be a fingerprint of cosmology on local dynamics and related to the Hubble constant. Therefore the cosmological anisotropy on large scales may imprint on the acceleration scale in local Universe. These ideas inspire us to investigate the possibility of spatial anisotropy on the acceleration scale.
In our previous work [26] , by making use of the hemisphere comparison method to search for such an anisotropy from the SPARC data set, we found that the maximum anisotropy level is significant and reached up to 0.37 ± 0.04 in the direction (l, b) = (175.5
•+6
• −10 • , −6.5
•+9
• −3 • ). In this paper, we search a monopole and dipole correction for the radial acceleration relation, and try to find the possible anisotropy from the SPARC data set.
The rest of this paper is organized as follows. In Section 2, we make a brief introduction to the SPARC data set and the radial acceleration relation. In Section 3, we show a monopole and dipole correction for the radial acceleration relation by making use of the Markov chain Monte Carlo (MCMC) method to explore the entire parameter space. The information criterion (IC) is used for model comparison. In Section 4, the MCMC results for whole parameter spaces are analyzed, we compare the dipole anisotropy and the goodness of fit for different dipole models. We also compare the possible dipole anisotropy with the hemisphere anisotropy in our previous work [26] . In Section 5, we make a robust check to examine whether the dipole anisotropy could be reproduced by a statistically isotropic data set.
Finally, conslusions and discussions are given in Section 6.
THE DATA AND RADIAL ACCELERATION RELATION
We employ the new Spitzer Photometry and Accurate Rotation Curves (SPARC) data set [28] [29] . The SPARC is a sample of 175 disk galaxies with new surface photometry at 3.6 µm and high-quality rotation curves from previous HI/Hα studies. For investigating the radial acceleration relation, McGaugh et al. [27] have adopted a few modest quality criteria to exclude some unreliable data. Finally, a sample of 2693 data points in 147 galaxies have been left. Here we use the same sample to search for the possible spatial dipole anisotropy.
The SPARC data set does not include the galactic coordinate. We complete it for each galaxy from previous literatures [30, 31] and by retrieving the NED dataset [32] .
McGaugh et al. [27] obtained a fitting function that described well the radial acceleration relation for all 2693 data points. The fitting function is of the form
where g bar is the baryonic (gravitational) acceleration predicted by the distribution of baryonic mass and g obs is the observed dynamic centripetal acceleration traced by rotation curves.
The founction has a unique fitting parameter g † , which corresponds to the MOND acceleration scale. They found g † = [1.20 ± 0.02 (random) ± 0.24 (systematic)] × 10 −10 m s −2 . This value is consistent with that predicted by the MOND theory [19, 33] . The MOND theory also predicts two limiting cases for the radial acceleration relation. In the deep-MOND limit,
i.e. g bar g † , the fitting function (1) becomes g obs ≈ √ g bar g † , where the mass discrepancy appears. In the Newton limit, i.e. g bar g † , the fitting function (1) becomes g obs ≈ g bar and the Newtonian dynamics is recovered. The radial acceleration relation and the SPARC data points are illustrated in Fig. 1 .
METHODOLOGY

The fitting method
As the same as McGaugh et al. [27] , we make use of the orthogonal-distance-regression (ODR) algorithm [34] to fit the radial acceleration relation. The advantage of this method is that it could consider errors on both variables. The chi-square is defined as
where σ obs and σ bar are the uncertainty of g obs and g bar , respectively. The total number of data points is n = 2693. δ i is an interim parameter which is used for finding out the weighted orthogonal (shortest) distance from the curve g th (g bar , g † ) to the ith data point. The curve is same as the right-hand side of the function (1), i.e.
where g th represents the theoretical centripetal acceleration. Therefore, the chi-square (2) is the sum of the squares of the weighted orthogonal distances from the curve to the n data points. Eventually, we minimize the chi-square to find out the best fitting value of g † .
We repeat the fitting process in McGaugh et al. [27] and reproduce the same result, if the logarithmic distance (base 10) of the first term in the chi-square (2) was taken. For the original form of chi-square (2), we find the best fitting value for the universal acceleration scale is g † = (1.02 ± 0.02) × 10 −10 m s −2 , which corresponds to the unnormalized chi-square χ 2 = 4020. This fitting curve is also plotted in Fig. 1 . It is worth noting that the difference in the best fitting value comes from the form of the first term in the chi-squre (2), which could only have slight impact on the possible dipole anisotropy. What we concern here is the relative variation of the acceleration scale in different direction, which is similar to the hemisphere anisotropy.
The monopole and dipole correction
The MOND theory assumes a universal constant acceleration scale for all galaxies [19] [20] [21] .
However, the acceleration scale has been found to be variational from galaxies to galaxies [22] [23] [24] . In our previous work [26] , we have found that there exists a hemisphere anisotropy on acceleration scale in the SPARC data set. In this paper, we show a monopole and dipole correction for the radial acceleration relation to search for a possible spatial dipole anisotropy in local Universe. The monopole and dipole correction is a commonly used method to search for possible dipole anisotropy, for instance, the spatial variation of the fine structure constant [9, 10] , and the dipole of supernova distance modulus [11] [12] [13] [14] . Here, we first assume the dipole anisotropy coming from the radial acceleration. The theoretical centripetal acceleration with a monopole and dipole correction is of the form
where the acceleration scale have been fixed at the best fitting value g † = 1.02×10 −10 m s −2 .
A and B are the monopole term and dipole magnitude, respectively.m andp are the unit vectors pointing towards the dipole direction and galaxy position, respectively. In the galactic coordinates, the dipole direction can be presented asm = cos(b) cos(l)î + cos(b) sin(l)ĵ + sin(b)k, where l and b are galactic longitude and latitude, respectively. Similarly, the position of the ith galaxy can be presented
Then we use the corrected theoretical centripetal accelerationĝ th (g bar , g † ) for the chi-square (2), and employ the MCMC method to explore the entire parameter space {A, B, l, b}. We don't have any information about the dipole anisotropy, thus a flat prior for the parameter space is needed, which will be discussed in Section 4. Actually, the MCMC method used here is same as the maximum likelihood method, the best fitting value corresponds to the minimal chi-square (χ 2 min = −2 ln L max ). Second, we assume that the dipole anisotropy on radial acceleration is induced by spatial variation of the acceleration scale which is a unique parameter in radial acceleration relation.
The acceleration scale with a monopole and dipole correction is of the form
where the fiducial acceleration scale has also been fixed at the best fitting value g † = 1.02 × The monopole term in both corrections are retained for complete description, but usually the monopole term is negligible. As a contrast, we repeat the above process with only the dipole term for both corrections. Totally we have four corrections for the radial acceleration relation.
Model comparison
To assess the goodness of fit and take account of the number of free parameters in each model, we employ the information criteria (IC) to compare the corrected model i.e.
g th (g bar , g † ) or g th (g bar ,ĝ † ) with the reference model g th (g bar , g † ). Here the corrected model could degenerate to the reference model when the monopole term and the dipole magnitude both equal to zero. Two most widely used information criteria are the Akaike information criterion (AIC) [35] and the Bayesian information criterion (BIC) [36] . They are defined as
where χ 2 min is the minimal chi-square calculated by equation (2), k is the number of free parameters, and the total number of the data points is n = 2693. Differently from AIC, due to ln 2693 > 2, the BIC heavily penalizes models with the excess of free parameters.
It is noteworthy that only the relative value of IC between different model is important in the model comparison. By convention, the model with ∆IC > 5 is regarded as 'strong' and ∆IC > 10 as 'decisive' evidence against the weaker model with higher IC value [37] [38] [39] .
RESULT
We implement the MCMC method by using the affine-invariant Markov chain Monte Carlo ensemble sampler in emcee [40] , which is adopted widely in the astrophysics and cosmology. One hundred random walkers are used to explore the entire parameter space.
We run 500 steps in the burn-in phase and another 2000 steps in the production phase, which is enough for our purpose. The dipole direction and its opposite direction is same for the correction when the dipole magnitude changes its sign. For obtaining unanimous result, we confine the dipole magnitude to be positive, and constrain the dipole direction at one cycle
The MCMC method needs a prior distribution for each parameter but we don't have any information about the dipole anisotropy. In this paper, we adopt a flat prior distribution for each parameter as follow:
The MCMC result for parameter space {A, B, l, b} is shown in Fig. 2 . For every parameter, its distribution is almost Gaussian and the slightly larger one of 1σ credible interval is regarded as its uncertainties. Theĝ th -monopole term is A = −0.01 ± 0.01. It is negligible.
Theĝ th -dipole magnitude is B = 0.10 ± 0.01. It is a significant signal for the anisotropy.
And theĝ th -dipole direction points towards (l, b) = (176.54
MCMC result for another parameter space {C, D, l, b} is shown in Fig. 3 . As the same as It's worth noting that the 2-dimensional marginalized contours for both parameter spaces have very similar shape. In addition, two dipole directions are very close to each other, and the angular separation is only 5.17
• (see Fig. 4 ). Furthermore, the minimal chi-square of theĝ † -dipole model is close to that of theĝ th -dipole model (see Table I ). These results mean that the dipole anisotropy on the radial acceleration is mostly induced by the dipole anisotropy on acceleration scale. In our previous work [26] , we employed the hemisphere comparison method with the same SPARC data set to search possible spatial anisotropy on the acceleration scale. We found the maximum anisotropy direction is pointing to the direction (l, b) = (175.5
•+6
•+9
• −3 • ), which is very close to theĝ † -dipole direction and the angular separation is only 9.82
• (see Fig. 4 ).
For both the dipole models, the monopole term is indeed negligible comparing to the dipole magnitude, so we can neglect it from both corrections. Table I is the MCMC result for all dipole models with or without the monopole term. Without the monopole term, both dipole magnitudes become slightly smaller, and the dipole directions are both shift a little to southeast with an angle less than 8.52
• (see Fig. 4 ). In addition, the chi-squares also have a slightly increase. These results indicate that the monopole term only has slight impact on the dipole anisotropy. Both AIC and BIC indicate that there is 'decisive' evidence for all dipole models against the reference model, but it is indistinguishable to the dipole model with or without the monopole term. Even though there is 'strong' evidence forĝ th -dipole model againstĝ † -dipole model, these models could be compatible when the dipole anisotropy on radial acceleration is induced by the dipole anisotropy on acceleration scale. Specifically, they are: 1. the hemisphere anisotropy; 2. theĝ † -dipole anisotropy with monopole and dipole correction; 3. theĝ th -dipole anisotropy with monopole and dipole correction; 4. thê g th -dipole anisotropy with dipole correction; 5. theĝ † -dipole anisotropy with dipole correction.
MONTE CARLO SIMULATIONS
As a robust check, we examine whether the dipole anisotropy could be derived from the statistical isotropy. First we create a mock data set from the SPARC data set. The dynamic centripetal acceleration g obs is replaced by a random number which has a Gaussian distribution, i.e. G(g th , σ obs ). Here g th is the theoretical centripetal acceleration (3) and the acceleration scale has been fixed at the best fitting value g † = 1.02 × 10 −10 m s −2 . σ obs is the uncertainty of g obs . Except for the dynamic centripetal acceleration, other data including the galactic coordination, acceleration uncertainties and the baryonic acceleration remain unchanged. Then we employ the monopole and dipole correction (4) and (5) for the radial acceleration relation with the mock data set and use the MCMC method to explore the entire parameter space {A, B, l, b} and {C, D, l, b}.
For both the dipole models, we find that it is hard to constraint the dipole direction. It has a relatively large uncertainty and spans in all possible directions. The monopole term is still negligible, but the dipole magnitude becomes much less than that from the SPARC data set. 
CONCLUSIONS AND DISCUSSIONS
In this paper, we show a monopole and dipole correction for the radial acceleration relation with 147 rotationally supported galaxies. We found that there exist a significant dipole anisotropy on the radial acceleration, which is most probably induced by the dipole anisotropy on acceleration scale. Theĝ † -dipole magnitude is significant and reaches up to
, which is very close to the maximum anisotropy direction from the hemisphere comparison method. The monopole term is negligible. It only has slight impact on the dipole anisotropy. As the same as the hemisphere comparison method, the robust check has been taken to examine the significance of the dipole anisotropy. The result shows the dipole anisotropy couldn't be reproduced by the isotropic mock data set.
As pointed out at the introduction, the cosmological principle has been challenged by some cosmological observations. In this paper, we have found a possible dipole anisotropy on acceleration scale g † in local Universe. The dipole direction is very close to the cosmological preferred direction from the hemisphere comparison method [26] . These results hint that the Universe may be anisotropic and it could be related to some underlying physical effects, such as the spacetime anisotropy [41] [42] [43] . If the cosmological principle is no longer valid, the standard ΛCDM model needs to be modified. However, it is still premature to claim that the Universe is anisotropic due to the small data samples and the uncertainty in the current observations.
There are some uncertainties in the original SPARC data set yet. As stated by McGaugh et al. [27] , the near-infrared (NIR) luminosity was observed while physics requires stellar (baryonic) mass. The mass-to-light ratio Υ * is an unavoidable conversion factor which could be estimated by the stellar population synthesis (SPS) model [44] . The SPS model suggests that Υ * is nearly constant in the NIR (within ∼ 0.1 dex), thus McGaugh et al.
[27] assume a constant Υ * for all galaxies to fit the radial acceleration relation. We use the same assumption in this paper as a precondition to search for the possible dipole ansitropy.
Recently, Li et al. [45] took Υ * as 'free' parameter to fit the radial acceleration relation to individual SPARC galaxies. If the possible small variation of Υ * be taken into account, then the possible dipole anisotropy on acceleration scale may be impacted. Further investigations are necessary for seeking the possible degeneracy. Another possible uncertainty comes from the inhomogeneous distribution of galaxies on the sky (see Fig. 4 ). For future research on the anisotropy with galaxies, it is better to cover the sky homogeneously.
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